The conditional independences within a system of four discrete random variables are studied simultaneously. The problem where independences can occur at the same time, called the problem of probabilistic representability, is attacked by an analysis of cones of polymatroids. New results on the cone of all polymatroids satisfying Ingleton inequalities imply a substantial reduction of the problem and an explicit description of the remaining open cases. 
Introduction
Let N be a nite set and S(N) the family of all couples (ijjK) where K N and ij is the union of two, not necessarily di erent, singletons i and j of N ?K. Elements and singletons of N are not distinguished and the unions of subsets of N are written simply as juxtapositions. Having a system of random variables = ( i ) i2N with subsystems K = ( k ) k2K , K N, we introduce the notation j ] j = f(ijjK) 2 S(N); : i ? jjKg; where : i ? jjK is the abbreviation of the statement \ i is conditionally independent of j given K ". The subsystem ; is presumed to be constant.
A subfamily L S(N) is called probabilistically (p{) representable if there exists a system , called its p{representation, such that L = j ] j. We prefer to speak about a relation L for it is in fact a binary relation on the power set of N. The paper is intended as the rst installment of a series of papers whose nal aim is to characterize the class P(N) of all p{representable relations for a four-element set N.
First problems of this kind emerged in works of J. Pearl and his collaborators preceding his book 10], where the conditional independences among subsystems I ; J and K ; I; J; K N disjoint, were studied en block. The corresponding families of triplets 1 This research was supported by Internal Grants 27510 and 27564 of Czech Academy of Sciences. 2 Postal address of both authors: Institute of Information Theory and Automation, Pod vod arenskou v e z 4, 182 08 Prague, Czech Republic (matus@utia.cas.cz, studeny@utia.cas.cz) 3 Key words and phrases: Conditional independence, Functional dependence, Dependence/Independence structures/relations, Polymatroids, Semimatroids, Matroids, Ingleton inequality, Probabilistic representations, Shannon entropy. 1 (I; J; K) have been called conditional independence relations or also (in)dependence models. Let us remark that there is no loss of generality when the sets I and J are admitted to be singletons only (cf. 6]) and that the original Pearl's problem to characterize all conditional independence relations is equivalent to the question which relation L contained in R(N) = f(ijjK) 2 S(N); i 6 = jg is p{representable. Pearl The original practical motivation stems from the observation that the knowledge of P(N), at least for small sets N, might contribute to understanding of conditional inference in expert systems with uncertainty. The theoretical motivation is that of intriguing \probabilistic combinatorial con gurations". In this respect our task resembles to constructions of the catalogues of combinatorial or algebraical structures and is analogically intended to serve as a motivating source of examples. The paper is organized as follows. In order to establish necessary notations we review in Section 2 the methodology of 7] based on the use of Shannon entropy and related cones of polymatroids. Accordingly, all relations from P(N) are viewed as p{representable semimatroids; these are discussed in Section 3, where also the solution of the problem of p{representability in the cases jNj 3 is outlined. After recognizing the role of Ingleton inequalities in the four-element case (Section 4) we introduce the notion of Ingleton semimatroid and prove that these semimatroids are p{representable. All canonical examples are listed consequently. In the last two sections we characterize explicitly all semimatroids that are not Ingleton. This will be the starting point of the next paper with same title.
Preliminaries
We shall work with real functions de ned on the power set P(N) of N, with their di erences
and with the relations
The central place of our considerations will be occupied by the convex cone H(N) = fh 2 R P(N) ; h(;) = 0 and 4h(ijjK) 0; (ijjK) 2 S(N)g; this means that the set functions from H(N) are normalized, nondecreasing and semimodular. Note that the requirements 4h(ijK) 0 
A type will be a class of all isomorphic relations. If a relation is semimatroid which is p{representable and irreducible in either of the above two senses then all isomorphic relations are semimatroids with the corresponding properties, respectively. This makes possible to use the introduced notions directly for types.
Semimatroids and polymatroids
In this section we shall describe the structure of the lattice of semimatroids and, as an illustration, we solve the p{representability problem for at most three-element sets N.
The cone H(N) is pointed and has a nite number of extreme rays. By its face we understand a nonempty intersection of H(N) with one of its supporting hyperplanes. Intersection of two faces is a face and the lattice of all faces of H(N), denoted by F(N), is known to be nite and atomic. Its atoms are the extreme rays of H(N). They are generated by the functions (i 2 N) g (2) i (J) = 2; J = i; g (3) i (J) = jJj; i 6 2 J; = minf2; jJjg; J 6 = i; = minf3; jJj + 1g; i 2 J; and (i; j 2 N; i 6 = j) f ij (K) = 3; K 2 fik; jk; il; jl; klg; = minf4; 2jKjg; otherwise;
where kl = N ? ij. The number of semimatroids irreducible in S(N) is thus 1, 2, 4, 9, 42 and the number of corresponding types is 1, 2, 3, 5, 12 for jNj = 0; 1; 2; 3; 4, respectively.
In 5] we proved that every matroid which is linearly representable over a nite eld is also p{representable. Hence for jNj 4 all matroids are p{representable. Also the irreducible semimatroids j g (2) i ] j and j g (3) i ] j, i 2 N; are p{representable, as their free extensions are the uniform matroids of rank 2 and 3 on a ve-element set, respectively (for details on extensions see 9], 7]). Their p{representations will be included in the Example below.
The semimatroids j f ij ] j were found not to be p{representable in 7].
The above mentioned facts together with Consequence 1 allow us to state the equality P(N) = S(N), jNj 3. The lattice isomorphisms below may be trivially veri ed. P(N) P(N); jNj 1; U P(N); jNj = 2; V P(N); jNj = 3; where U is a two-element lattice and V is the 22-element lattice of all semimatroids which are contained in R(N), see Figure. 
Ingleton inequality
From now on we shall assume that the set N has four elements; jNj = 4. For brevity we omit N in expressions like P(N), H(N), etc. The symbols i; j; k and l will always denote distinct elements of N. (2) i = rg (3) i = ?1 we deduce that H 2 has at least 35 extreme rays. The second part of the proof is based on the fact that the cone H ? has exactly 33 extreme rays (see Example in 8]). These may be obtained by removing from the previously mentioned 35 rays the two rays generated by the rank functions r 1 and r 3 of the uniform matroids of the ranks 1 and 3, respectively. It remains to verify that every function h 2 H 2 is a conical combination of r 1 ; r 3 and a function g 2 H ? . To this end let us set g = h ? minf4h(ijj;)g r 1 ? minf4h(ijjkl)g r 3 ;
where the minima range over six-element sets of di erences. This function is plainly an element of H 2 (note that 2g = 2h as 2r 1 = 2r 3 = 0). It has one di erence with ; and one di erence with a two-element set on the second place of the indexing couple equal to zero. We claim that g 2 H ? . Indeed, if 4g(ijj;) = 0 and 4g(kljij) = 0 then, due to the above identity, rg = ?2g(ij) 0. In addition, the equalities 4g(ijj;) = 0 and 4g(ijjkl) 4g(ikjjl) = 0 yield rg = 4g(kljij) ? 2g(ij) 0, as a consequence of the fourth and fth masks.
Ingleton semimatroids
We say that L 2 S is an Ingleton semimatroid if and only if L = j h] j for some h 2 H 2 .
This notion applies immediately to the types. The lattice of Ingleton semimatroids will be denoted by S 2 . Theorem 1. Every Ingleton semimatroid is p{representable; formally S 2 P. There are eleven P{irreducible Ingleton types.
Proof. First assertion follows from Lemma 2 and from the discussion about the p{ representability of the coatoms of S in Section 3. Moreover, the lattice S 2 is coatomic and its coatoms are also coatoms of S by Consequence 1. Thus for Ingleton semimatroids the S{irreducibility coincides with the P{ and S 2 {irreducibility.
In the following example we list representatives of the P{irreducible Ingleton types and give their p{representations. The employed notation for rank functions will be used later.
Example. Let N = f1; 2; 3; 4g and = fa; b; c; : : :g be a nite probability space with the uniform probability distribution; the number of elementary events will be clear from the context. Random variables on are given as partitions corresponding to inverse images. 6. L = j r f4g 2 ] j (the matroid with the loop 4 and with the uniform submatroid of rank 2 on f1; 2; 3g) has the p{representation given by 1 = (ab)(cd), 2 = (ac)(bd), 3 = (ad)(bc) and 4 = (abcd).
7. L = j r 1k4 2 ] j (the matroid with two parallel elements 1 and 4 and with the uniform submatroid of rank 2 on f1; 2; 3g) has the p{representation as in the previous case except from 4 
8. L = j r 2 ] j (the uniform matroid of rank 2) can be represented by 1 = (abc)(def)(ghi), 2 = (adg)(beh)(c ), 3 = (aei)(bfg)(cdh) and 4 = (afh)(bdi)(ceg). 6
9. L = j r 3 ] j (the uniform matroid of rank 3) is representable by 1 = (abcd)(efgh), 2 = (aceg)(bdfh), 3 = (abef)(cdgh) and 4 = (adfg)(bceh).
10. L = j g (2) 4 ] j has the p{representation as in 6. but 4 = (a)(b)(c)(d). 11. L = j g (3) 4 ] j is representable as in 9. but 4 = (ah)(bg)(cf)(de).
Every semimatroid above is accompanied by a \standard" p{representation . This p{representation has the property that the cardinality of its probability space is as small as possible. Moreover, any p{representation of a semimatroid from 6.{11. that is de ned on a probability space of the same cardinality as the given does not practically di er from the standard . This means that its probability space must be equipped with the uniform distribution and the p{representations (partitions) coincide up to a bijection (cf. also Theorem of 7]). Note that every subsystem K of every standard , taken as a partition of , consists from blocks of the same cardinality. The corresponding entropy functions are proportional to the rank functions, respectively.
More about the cone H
The last two sections of the paper are devoted to an explicit description of the class S ? S 2 of semimatroids which are not Ingleton. This task calls for further insight into the structure of the cone H. Modulo permutations this is, roughly speaking, a reduction to less than 5 2 11 cases. In the next paper we promise a reduction of the problem by purely probabilistic methods to less than 3 2 5 cases.
The nal aim would be to complete the list from the Example by the P{irreducible types which are not Ingleton. Having the extended list, any p{representable relation could be obtained by means of permutations and intersections.
